Several methods are developed for analyzing data containing a highly variable internal tide. In particular, the methods are aimed at the analysis of moored observations with relatively few measurements in the vertical. The analysis depends upon an "elliptical decomposition" that is a generalization of the familiar "rotary decomposition." The technique is applied to velocity and temperature observations in the upper ocean made during the Mixed Layer Dynamics Experiment (MILDEX) in the northeast Pacific Ocean, about 700 km west of Santa Barbara, California, during October-November 1983. The observed propagation direction and amplitude of the internal tide was highly variable in time. It was anticipated that the wave could be propagating from the continental shelf where it is presumed to be generated. However, most of the time the internal tide appears to be propagating parallel to the coast. This result suggests the importance of density and velocity structure at mesoscale and frontal scale in affecting the propagation of the internal tide.
INTRODUCTION
The term baroclinic or internal tide suggests internal wave oscillations that occur with astronomic regularity. Under this presumption, the naive might assume that it is straightforward to determine the behavior of the internal tide and to predict these baroclinic oscillations with the same reliability as the barotropic tide. However, the internal tide is not forced directly by the gravitational attraction of the Sun and Moon, but is generated by the interaction of the barotropic tide with topography [e.g., Wunsch, 1975; Henderschott, 1981] . Variations in the density and velocity fields near the generator produce variations in the response of the internal tide [e.g., Baines, 1982; Chuang and Wang, 1981] . Away from the source the internal tide is reflected and refracted by the density and velocity field through which it propagates; space and time variations caused by eddies and fronts may significantly distort the periodicities that are usually associated with tidal oscillations. The result is an internal tide that is highly variable in time and space.
The generation and propagation of the internal tide can be quite complicated, potentially involving nonlinearities that could lead to the creation of internal solitons and even turbulence [e.g., Pingtee et al., 1983] . However, it is presumed that in the far field of the generator, say, the continental shelf, there remains a significant part of the flow that is identifiable as a horizontally propagating linear wave.
The purpose of this paper is to present some techniques for analyzing data that contain a highly variable internal tide. The analysis is directed toward experiments with relatively few moored observations, such as a few current meters on a single mooring, a common sampling scheme in physical oceanography. As an example, the techniques are applied to velocity and temperature observations made during the multiinstitutional Mixed Layer Dynamics Experiment (MIL-DEX). A primary goal is to determine the amplitude and propagation direction of the internal tide as a function of Copyright 1989 by the American Geophysical Union.
Paper number 89JC00415. 0148-0227/89/89JC-00415505.00 8125 time. With limited observations that do not span the entire water column, it is not possible to remove the barotropic tide using vertical integration nor decompose the signal into baroclinic modes. However, the main features of the internal tide may be estimated using the most robust properties of internal wave dynamics. This analysis could also be a useful precursor to more sophisticated, model-dependent analyses.
The analysis depends on an "elliptical decomposition" to describe an oscillating flow. At a single frequency the hodograph of the horizontal velocity field can be described by an ellipse. It will be shown that any elliptical hodograph can be expressed uniquely as the sum of two other counterrotating elliptical hodographs with a specified ellipticity and orientation of the major axis. This decomposition is a generalization of the familiar "rotary decomposition," where the hodograph is described by two counterrotating, circular hodographs. For an internal wave of a specified frequency, the hodograph is an ellipse with known ellipticity and rotation. Thus elliptical hodographs of a specific ellipticity are a more natural basis to describe internal tide motion than circular hodographs.
The dynamics of the internal tide are reviewed in section 2, providing the motivation for the elliptical decomposition and the analysis methods developed in section 3. The observations are discussed in section 4 and analyzed for internal tide in section 5. Conclusions and summary are presented in sections 6 and 7. The amplitude of the depth-independent barotropic tide is given by constants 0o and 0o; horizontal variation of the tide has been neglected. For simplicity the vertical velocity component of the barotropic tide is neglected, since it is usually much smaller than the vertical velocity due to the internal tide, especially in regions where an internal tide analysis would be attempted.
Each baroclinic mode is conveniently expressed as a hodograph of the velocity vector (Figure 1 ). Since for internal waves u' and v' are always in quadrature, the hodograph in the horizontal plane is an ellipse with the velocity vector rotating anticyclonic in time (clockwise in the northern hemisphere). The major axis of the ellipse is oriented along the axis of propagation (x' axis), and the ratio of the minor to major axis is given by tim. These properties are independent of the modal composition of the wave. By looking at this hodograph alone, it is not possible to determine if the wave is propagating in the +x' or -x' direction. To remove this ambiguity additional information about the vertical velocity field and modal structure is needed.
There is no constraint on the ellipticity or rotation direction of the hodograph of the barotropic tide. Thus the properties of the hodograph of the total velocity including the barotropic tide are not easily predicted.
A description of the hodograph of internal waves in the vertical plane of u' and w' or v' and w' depends critically upon the modal composition. However, for a single mode &l = 4>2, and u' and w' are in quadrature producing an elliptical hodograph aligned with the x' axis, and v' and w' are in phase forming a straight-line hodograph.
In practice, it is difficult to estimate and remove the barotropic tide from current observations, since the barotropic tide occurs at the same frequency as the internal tide. Often, the barotropic tide is removed as the vertical averaged flow or as the residual flow after decomposing into vertical modes. However, these techniques require complete sampling over the entire water column with many measurements in the vertical. Lacking this dense vertical sampling, other techniques must be used. Estimation and removal of the barotropic tide may be avoided by considering horizontal velocity differences in the vertical instead of the velocity itself. The horizontal velocity difference between two depths z• and z2 can be written from (6) 
)e i4•(z,) -dp ( where Re{ } is the real part and Z is the residual. The demodulation was also performed independently for velocity components v and w as well.
An F statistic can be formed by the ratio of mean-square signal to mean-square residual:
ANALYSIS METHODS
The first step in analyzing the semidiurnal internal tide is to extract the signal at tidal frequency. The technique of complex demodulation is applied independently to each component of velocity to determine the amplitude and phase of the tide. Since the observed internal tide is not steady, the analysis is done over short segments of data to produce a best fit amplitude and phase as a function of time.
The second part of the analysis attempts to select the portion of the demodulated series that is consistent with theoretical expectations of the internal tide developed in section 2. Two methods are developed for estimating the propagation direction and amplitude of the tide from the observations. Each method uses different criteria in determining the best fit: method 1 uses the ellipticity and polarization of the hodograph of horizontal velocity difference between two depths, and method 2 uses the phase reiation between the horizontal and vertical velocity. The advantage of method 1 is that no assumption of the vertical modal structure is necessary. In method 1 the velocity differences between vertically separated observations are used as a means of eliminating the barotropic tide. In method 2 some assumption about the modal composition must be made to relate the horizontal and vertical velocity. Both methods are discussed in this section and applied to the data in section 5.
Complex Demodulation
Complex demodulation is a technique used to estimate from data the amplitude and phase of a harmonic component at a given frequency [Koopmans, 1974] It is possible to express any hodograph as the sum of two counterrotating ellipses with both major axes oriented at a given angle/3 and with the ratios of the major-to-minor axis of both ellipses set to r. In one of the ellipses the vector rotates clockwise, in the other the vector rotates anticlockwise. The clockwise component is consistent with an internal wave in the northern hemisphere; the anticlockwise component is considered "noise," since it cannot be explained by simple internal wave dynamics. The decomposition is unique for any given/3 and r. This decomposition is a generalization of the standard rotary decomposition where the hodograph is expressed as the sum of two counterrotat- where e is determined from the observed horizontal velocity using the ellipse decomposition for a given/3 (equation (13)), and the phase y is estimated directly from the complex demodulated vertical velocity and is not a function of/3. The best fit value of/3 is chosen when A is nearest rr/2. This method has another disadvantage besides having to assume that one mode dominates at each depth: the barotropic tide cannot be easily removed. The vertical velocity is undoubtedly dominated by the internal tide, but the presence of a significant barotropic tide could affect the horizontal velocity. This problem was eliminated in method one by using velocity differences. However, in method two the barotropic tide must be assumed small or be removed by some other method from the horizontal velocity signal. Therefore the results of method 2 that were calculated from the relative velocity will be used throughout the paper.
The propagation angle determined by either method is quite variable in time. The relatively stable periods, for example, between October 27-28 and November 3-6 are short. The results from the two methods agree fairly well (better than _+45 ø ) during these stable periods, and the overall character of the two plots is similar. However, there are times when there are significant differences of 90 ø , such as November 8. The period from October 29 to November 2 is especially confused; during this time many properties of the large-scale flow also changed, as though the CMD had drifted through a mesoscale feature [Paduan eta!., 1988] .
Once the best fit angle is determined, the data ellipse can be decomposed uniquely into a clockwise and anticlockwise How can the observed propagation direction be rationalized with generation theories of the internal tide? One possibility is that the internal tide is generated from the continental shelves, but is severely refracted by the mesoscale structure [e.g., Olbers, 1981; Stabeno, 1982] . Evidence during MILDEX [Paduan et al., 1988; Baumann et al., 1985] and other experiments [Simpson et al., 1984] suggests that significant mesoscale features may be present. Another possibility is that the assumption of a single plane tidal wave at MILDEX may be wrong. Waves radiating from different regions of the coast could result in a complicated wave pattern that would be impossible to sort out with the limited observations available. The plausibility of either of these scenarios requires further study.
The observed large temporal variability of the amplitude of the internal tide was anticipated. A COllllllOll featme in observations of internal tide has been its high degree of temporal variability. The same factors responsible for the variability of the propagation direction could cause the variability of wave amplitude. A careful analysis by de Witt et al. [1986] claimed to resolve the vertical beamlike structure of the internal tide near a topographic generator that was consistent with linear theory. However, even relatively near the generator, they found the signal varied markedly in time apparently due to variability in the mesoscale density and velocity structure between the generator and the observation sites. Relatively small shifts in the position of the beams can cause large fluctuations in the signal strengths at given depths. Since MILDEX was even farther from the generator, it is then not surprising that the signal was highly modulated in time. If waves have arrived from more than one direction, the possibility for a more complicated signal is increased.
CONCLUSION
In order to extract the semidiurnal internal tidal signal from moored velocity observations with limited vertical resolution, the method of elliptical decomposition was developed. Any horizontal velocity vector oscillating at a single frequency describes an elliptical hodograph. This hodograph can be expressed uniquely as the sum of two counterrotating ellipses with specified ellipticity and major axis orientation. Elliptical decomposition is a generalization of rotary decomposition.
The horizontal velocity vector of a linear, horizontally propagating internal wave traces an ellipse with ellipticity rio). The major axis is aligned with the direction of propagation, and the vector rotates in an anticyclonic direction (clockwise in the northern hemisphere). Therefore when a signal is elliptically decomposed, the anticyclonic component is consistent with internal wave kinematics while the cyclonic component is not.
One method of estimating the internal tidal signal for a given ellipticity (f/o)) is to find the propagation direction (ellipse orientation) that maximizes the ratio of the signal (anticyclonic component) to the noise (cyclonic component) at all depths simultaneously. This assumes that the internal tide can be represented locally as a plane wave propagating horizontally from a single direction. No assumptions about the vertical modal structure need to be made. The contamination of the internal tide by the barotropic tide is eliminated by using velocity differences between depths rather than velocity itself. This method is especially useful when the distribution of observations in the vertical is inadequate to describe the barotropic tide.
A second method for determining the properties of the internal tide is presented that combines the vertical and horizontal velocity. The criterion of choosing the propagation angle is that the absolute phase difference between the vertical velocity and the major axis component of the horizontal velocity is rr/2. The propagation angle is the angle that fits this phase relation best for all the data. While still a useful method, the presence of a barotropic tide and complex vertical modal structure could contaminate the results of this procedure.
These methods were applied to observations made in the northeast Pacific during MILDEX in Fall 1983. Time series of velocity measurements from a single vertical array of instruments in the upper ocean. The amplitude and phase of the tidal component varied rapidly in time. Using measurements of horizontal velocity from 27, 70, and 141 m, and vertical velocity from 85 m, estimates of the best fit propagation angle were made. While the estimates are somewhat erratic, it appears that most of the time the internal tide is not propagating from the coast but rather parallel to it. The general result is consistent with independent data from MILDEX as analyzed by Williams [1986] and Pinkel et al. [1987] . If the internal tide is generated at the continental shelf, then this suggests that the wave is significantly refracted by mesoscale and frontal features that may be present between the shelf and the MILDEX site. Waves arriving simultaneously from different regions of the coast would also contaminate the analysis.
The behavior of the internal tide is far from regular and predictable. Significant variation in time and space suggest the importance of mesoscale and frontal-scale density and velocity structure in affecting internal tide propagation. The plausibility of this suggestion awaits further investigation.
